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Abstract
We consider a particle of half-integer spin which is nonrelativis-
tic in the rest frame. Assuming the particle is completely polarized
along third axis we calculate the Bloch vector as seen by a moving
observer. The result for its length is expressed in terms of dispersion
of some vector operator linear in momentum. The relation with the
localization properties is discussed.
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1
As it is well known the quantum information processing gets modified if
special relativity is taken into account [1] ÷ [8]. This can be demonstrated
even in the simplest case of free relativistic particle with spin [2]. Contrary to
the Galilean case where boosts commute, the commutator of Lorentz boosts
gives rotation; this property underlies, for example, Thomas precession. As
a result, spin variable transforms in momentum - dependent way and this
mixing between spin and momentum degrees of freedom results in depurifi-
cation of reduced spin density matrix [2], [4]. The amount of depurification
can be related to the localization properties of the state [4].
In the recent paper [9] we have derived the general formula for spin density
matrix for moving observer. We have shown that under suitable conditions
Lorentz boosts can transform the pure spin state into totally unpolarized
one.
In the present note we use the result of [9] to find the Bloch vector in the
moving reference frame for totally polarized particle which is nonrelativistic
in the rest frame. We find also the formula for depurification in terms of
dispersion of the observable linear in momentum. This result confirms the
general relation between depurification and localization.
Assume we have a nonrelativistic spin−1
2
particle in such a pure state that
the reduced spin density matrix describes pure spin state. Then, by a suitable
rotation, one can arrange things such that a(p, 2) = 0. The momentum wave
function a(p, 1) is in turn supported in the region | ~p |≪ m. The spin density
matrix ρ is completely determined by Bloch vector
~µ = Tr(ρ~σ) (1)
The assumption made above implies
~µ = ~e3 (2)
in the rest frame. We want to calculate Bloch vector after applying the boost
characterized by the fourvelocity
uµ = (chβ, shβ~n), | ~n |= 1 (3)
It has been shown in Ref. [9] that the transformed Bloch vector reads
~µ(β) =
∫
d3~p
2p0
(cosΩ | a(p, 1) |2 ~e3 + sinΩ(~e3 × ~e) | a(p, 1) |
2 +
+(1− cosΩ)~e(~e · ~e3) | a(p, 1) |
2) (4)
2
where
~e ≡
~p× ~n
| ~p× ~n |
sinΩ = 2
((1 + u0)(p0 +m)− ~u · ~p) | ~p× ~u |
((1 + u0)(p0 +m)− ~u · ~p)2+ | ~p× ~u |2
(5)
cosΩ =
((1 + u0)(p0 +m)− ~u · ~p)
2
− | ~p× ~u |2
((1 + u0)(p0 +m)− ~u · ~p)2+ | ~p× ~u |2
Now, taking into account that | a(p, 1) |2 is supported in the region | ~p |≪ m
we can expand sinΩ and cosΩ in powers of |~p|
m
. One obtains
sinΩ ≃
λ
m
| ~p× ~n | (1 +
λ
2m
~p · ~n)
cosΩ ≃ 1−
λ2
2m2
(~p× ~n)2 (6)
λ ≡
√
u0 − 1
u0 + 1
Inserting (6) into eq. (4) we arrive at the following formula for trans-
formed Bloch vector
~µ(β) =
(
1−
λ2
2m2
< (~p× ~n)2 >
)
~e3 +
λ
m
~e3 × (< ~p > ×~n) +
+
λ2
2m2
< (~p× ~n)((~p× ~n)~e3) + (~e3 × (~p× ~n))(~p · ~n) > (7)
Eq. (7) provides the general expression for the Bloch vector for the nonrel-
ativistic (in the rest frame) particle as seen by moving observer. In order to
check whether ~µ(β) describes pure or mixed state we take the square of eq.
(7) keeping terms up to the order ~p
2
m2
. The result can be described as follows.
For any vector operator ~z define
(∆~z)2 ≡
3∑
i=1
(∆zi)
2 =
3∑
i=1
< (z2i− < zi >
2) > (8)
and let
~Π ≡ ~p× ~n− (~e3(~p× ~n))~e3 ≡ (~p× ~n)⊥ (9)
3
Then we get
| ~µ(β) |2= 1−
λ2
m2
(∆~Π)2 (10)
Note that the ~Π is a linear combination of momentum variables; therefore,
there exists no normalizable state such that (∆~Π)2 = 0. The transformed
state is necessarily a mixed one.
In the small velocity limit λ2 ≃ ~v
2
4
, where ~v is the observer velocity, and
eq. (10) reads
| ~µ(β)2 = 1−
~v2
4m2
(∆~Π)2 (11)
On the other hand, the extreme relativistic limit λ = 1 and
| ~µ(β) |2= 1−
(∆~Π)2
m2
(12)
Eq. (10) allows to relate the amount of depurification to the localization
properties of the initial state. It is well known [10] that there is no unique
notion of position operator in relativistic quantum theory. The reason is that
any casual and covariant interaction breaks necessarily the particle number
conservation law. However, we assumed that, in the rest frame, the particle
is nonrelativistic and the position operator is well-defined. Moreover, ~Π is
linear in momentum which suggest that the formula (10) can be expressed
in terms of localization of our particle. Following standard derivation of
uncertainty relations it is not difficult to show that
(∆~Π)2(∆~x)2 ≥
1
4
(13)
and eq. (10) implies the following inequality
| ~µ(β) |2≤ 1−
λ2
4m2(∆~x)2
(14)
One should here keep in mind that we are in the nonrelativistic regime and
the particle is localized in region much larger then Compton wavelength,
(∆~x)2 ≫ 1
m2
.
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